Nakayama automorphism of a class of graded algebras by Lü, J. -F. et al.
ar
X
iv
:1
51
2.
00
58
1v
1 
 [m
ath
.R
A]
  2
 D
ec
 20
15
NAKAYAMA AUTOMORPHISM OF A CLASS OF GRADED ALGEBRAS
J.-F. L ¨U, X.-F. MAO, AND J.J. ZHANG
Abstract. The Nakayama automorphism of a class of connected graded Artin-Schelter
regular algebras is calculated explicitly.
0. Introduction
Throughout let k denote a base field and assume that char k , 2. All vector spaces and
algebras are over k.
We start with the definition of a class of algebras, denoted by A(Q,C, s), as follows:
Let Q := (qi j)n×n and C := (ci j)n×n be two n × n-matrices in Mn(k) such that
(E0.0.1) qii = 1, q ji = q−1i j , for all i and j,
and
(E0.0.2) cii = 0, c ji = −q−1i j ci j = −q jici j, for all i and j.
We may call C a skew Q-symmetric matrix. Let s be an integer such that 1 ≤ s ≤ n and let
Ω denote ∑si=1 t2i , considered as an element in the free algebra k〈t1, t2, · · · , tn〉. Define
A(Q,C, s) = k〈t1, · · · , tn〉/(t jti − qi jtit j − ci jΩ,∀ i, j).
If ci j = 0 for all i, j, it becomes the usually skew polynomial ring kqi j[t1, · · · , tn]. So we
will only consider the case when some of ci js are nonzero. By carefully choosing the
parameters Q and C, we can obtain plenty of interesting algebras, though all of them are
Ore extensions (at least when s < n, see Proposition 1.6). Some examples are given in
Section 2. The algebra A(Q,C, s) can also be viewed as a deformation of kqi j[t1, · · · , tn] for
some special values (qi j)n×n.
By definition, A(Q,C, s) is a quadratic algebra. The only result of this paper is to give
some conditions on Q and C such that A(Q,C, s) is Koszul, strongly noetherian, Cohen-
Macaulay, Artin-Schelter regular, and Auslander regular of global dimension n (and it is
also a graded skew Clifford algebra); and when in this situation, we give an explicit formula
of the Nakayama automorphism of the algebra A(Q,C, s) in terms of a linear map associ-
ated to the basis {t1, t2 · · · , tn}. We omit the definitions of some standard terms mentioned
as above; these can be found in, for example, [ASZ, CV1, Le, RRZ1, RRZ2, SZ, ZZ].
However, we will recall the definition of the Nakayama automorphism in Definition 0.3
below because it is the objective of this paper.
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For simplicity, A(Q,C, s) is sometimes denoted by A(Q,C) or A. Consider the following
conditions for Q and C:
q2jα = q
2
j1, for all j and all α = 2, · · · , s(E0.0.3)
qiαq jαci j = q21αci j, for all α and all i, j , α(E0.0.4)
qiαciα = ciα, for all α ≤ s and all i(E0.0.5)
cα jckl − q jlcαlck j + qlkq jkcαkcl j = 0, for all α ≤ s and all j < l < k(E0.0.6)
cαkcl j − qlkcαlck j + q jlq jkcα jckl = 0, for all α ≤ s and all j < l < k(E0.0.7)
det(Is×s − (ci j)s×s) , 0.(E0.0.8)
Remark 0.1. It follows from (E0.0.1), (E0.0.2) and (E0.0.5) that Cs := (ci j)s×s is skew
symmetric, though the bigger matrix C := (ci j)n×n may not be, see Example 2.1. Hence
(E0.0.8) is equivalent to
det(Is×s + (ci j)s×s) , 0.
Theorem 0.2. Assume char k , 2. Suppose Q and C satisfy (E0.0.1)-(E0.0.8). Then
(1) A(Q,C) is a Koszul Artin-Schelter regular algebra of global dimension n with
Hilbert series 1(1−t)n .
(2) It is a strongly noetherian, Cohen-Macaulay, and Auslander regular domain.
(3) The Nakayama automorphism of A(Q,C) is determined by
µA(Q,C) : t j 7→

s∑
i=1
s∑
l=1
ailcl j(1 + q2j1)(
n∏
w=1
qw j)ti + (
n∏
w=1
qw j)t j, if j > s
s∑
i=1
bi jq2j1(
n∏
w=1
qw j)ti, if j ≤ s.
where (ai j)s×s = [Is×s − (ci j)s×s]−1 and (bi j)s×s = [Is×s − (ci j)s×s]−1[Is×s + (ci j)s×s].
As a consequence, A(Q,C) is a graded skew Clifford algebra in the sense of Cassidy-
Vancliff [CV1, CV2], see Proposition 1.5. Assisted by any computing software, say Maple,
after finding a solution to system (E0.0.1)-(E0.0.8) (which consists of quite naive equa-
tions), one can construct immediately an Artin-Schelter regular algebra of dimension n.
This is similar to the ideas of Cassidy-Vancliff in [CV1, CV2].
As promised we recall the definition of the Nakayama automorphism, see [RRZ1] for
more information.
Definition 0.3. Let A be an algebra over k. Let Ae = A ⊗k Aop.
(1) A is called skew Calabi-Yau if
(i) A is homologically smooth, that is, A has a projective resolution in the category
Ae-Mod that has finite length and each term in the projective resolution is
finitely generated, and
(ii) there is an integer d and an algebra automorphism µ of A such that
(E0.3.1) ExtiAe (A, Ae) 

0 i , d
1Aµ i = d,
as A-bimodules, where 1 denotes the identity map of A.
(2) If (E0.3.1) holds for some algebra automorphism µ of A, then µ is called the
Nakayama automorphism of A, and is usually denoted by µA. Note that µA (if
exists) is unique up to inner automorphisms of A.
(3) A is called Calabi-Yau if it is skew Calabi-Yau and µA is inner, or equivalently, µA
can be chosen to be the identity map after changing a bimodule generator of 1Aµ.
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When A is a connected graded domain, every unit of A is a nonzero scalar, which is
central. In this case, every inner automorphism of A is the identity map and the Nakayama
automorphism of A (if exists) is unique.
By [RRZ1, Lemma 1.2], a connected graded algebra is skew Calabi-Yau if and only
if it is Artin-Schelter regular. The Nakayama automorphism of an Artin-Schelter regular
algebra (or more generally a skew Calabi-Yau algebra) is an important invariant, which is
closely related to the study of
(1) rigid dualizing complexes [V1] and the Calabi-Yau property [RRZ1, RRZ2];
(2) the Poincare´ duality (or Van den Bergh duality) between Hochschild homology and
Hochschild cohomology [V2];
(3) the automorphism group of Artin-Schelter regular algebras and group/Hopf algebra
actions on Artin-Schelter regular algebras [LMZ];
(4) locally nilpotent derivations and cancellation problem of Artin-Schelter regular
algebras [LMZ].
Several authors have been studying the Nakayama automorphism of some special classes
of algebras during the last few years. Yekutieli gave an explicit formula of the Nakayama
automorphism of the universal enveloping algebra U(L) of a finite dimensional Lie algebra
L [Ye]. Rogalski-Reyes-Zhang proved several homological identities about the Nakayama
automorphism in [RRZ1, RRZ2]. Liu-Wang-Wu studied the Nakayama automorphism for
Ore extensions in [LWW]; in particular, they gave a description of the Nakayama automor-
phism of the Ore extension algebra A[x;σ, δ]. Zhu-Van Oystaeyen-Zhang computed the
Nakayama automorphism of a trimmed double Ore extension of a Koszul Artin-Schelter
regular algebra in [ZVZ]. The authors of the present paper studied group actions and Hopf
algebra actions on Artin-Schelter regular algebras of global dimension three in connection
with the Nakayama automorphism [LMZ]. In general, the Nakayama automorphism is a
subtle invariant and difficult to compute. Therefore it is definitely worth understanding and
calculating the Nakayama automorphism for more examples.
Note that the methods introduced in the papers [RRZ1, RRZ2, LWW] does not apply in
our situation. We use another well-known method coming from Cassidy-Vancliff’s paper
[CV1], by constructing a sequence of regular normalizing elements. Consequently, the
Koszul dual of A(Q,C) is a complete intersection in the sense of [CV1, CV2, KKZ]. The
algebras appeared in Theorem 0.2 are very easy in terms of generators and relations. It
would be interesting to work out further properties concerning group or Hopf algebra ac-
tions and universal quantum linear group coactions (as in the work [WW]) on A(Q,C), and
invariants, such as, the center, the automorphism group, and the Makar-Limanov invariant,
of A(Q,C).
We finish the introduction with the following question.
Question 0.4. What is the explicit formula for the Nakayama automorphism of a graded
Artin-Schelter regular skew Clifford algebra in the sense of [CV1, CV2]?
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1. The proof of Theorem 0.2
In this section, we study the algebra A(Q,C) defined as in the introduction. Throughout
this section we assume that
the parameters (Q,C) satisfy conditions (E0.0.1)-(E0.0.8).
By definition, the algebra A(Q,C) is a quadratic algebra, and its Koszul dual is
A!(Q,C) := k〈x1, · · · , xn〉/(Rel)
where {x1, · · · , xn} is the dual basis of {t1, · · · , tn} and the ideal (Rel) is generated by the
following relations.
x jxi + q−1i j xi x j = 0, for all 1 ≤ i < j ≤ n,(E1.0.1)
x2i = 0, for all i > s,(E1.0.2)
x2i − x
2
1 = 0, for all 1 < i ≤ s,(E1.0.3)
x21 =
∑
i< j
q−1i j ci jxix j(= −
∑
i< j
c jixi x j).(E1.0.4)
Let pi j = −q−1i j and define
T1 = kpi j [x1, · · · , xn](:= k〈x1, · · · , xn〉/(x jxi − pi jxix j,∀ i < j)).(E1.0.5)
We can construct a sequence of regular normal elements. Since T1 is a skew polynomial
ring, it is Koszul and Artin-Schelter regular of global dimension n. It is well-known that the
monomials {xd11 · · · x
dn
n | ds ≥ 0} form a k-linear basis and the Hilbert series of T1 is 1(1−t)n .
Since x2i are normal and since condition (E0.0.3), one can check, by using the monomial
basis, that {x21 − x2i }si=2 ∪ {x
2
p}
n
p=s+1 form a regular normal sequence of T1. By factoring out
this sequence of regular normal elements in T1, we let
(E1.0.6) T2 = T1/({x21 − x2i }si=2 ∪ {x2p}np=s+1).
Then T2 is an Artin-Schelter Gorenstein algebra of injective dimension one and its Hilbert
series is
HT2 (t) =
(1 − t2)n−1
(1 − t)n =
(1 + t)n−1
(1 − t) .
Note that A!(Q,C) is a factor ring of T2. Next we define some elements in T1 (or T2 or
A!(Q,C)). For any 1 ≤ α ≤ n, let
yα :=
n∑
i=1
cαi xi =
∑
i,α
cαi xi,
Wα := yαxα =
∑
i<α
cαi xixα +
∑
j>α
c jαxαx j,
Mα :=
∑
i< j,i,α, j,α
c jixix j,
W :=
∑
α>s
Wα,
and
φ := x21 +
∑
i< j
c jixix j.
Note that the algebras T1, T2 and A!(Q,C) and the above elements are well-defined without
(Q,C) satisfying (E0.0.1)-(E0.0.8), but we always assume (E0.0.1)-(E0.0.8) in this section.
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The following is an easy observation.
Lemma 1.1. Parts (1,2) hold in the algebra T1 and part (3) holds in T2.
(1) xαyα = −yαxα and xαWα = −Wαxα for all α ≤ s.
(2) xαMα = q−21αMαxα for all α, and xαMα = Mαxα for all α ≤ s.
(3) Wixi = xiWi = 0 for all i > s.
Proof. Each follows from a direct computation under the conditions (E0.0.1)-(E0.0.5). 
Lemma 1.2. The following hold in T2.
(1) ∑ j cα jx jM j = ∑ j cα j M jx j = 0 for all α ≤ s.
(2) If i > s, then xiφ = q−21i φxi.
(3) If i ≤ s, then (xi + yi)φ = φ(xi − yi).
(4) φ is normal in T2.
Proof. (1) We use (E0.0.7) in the last step of the following computation∑
j
cα j x jM j =
∑
j
cα j x j(
∑
l<k,l, j,k, j
cklxlxk)
=
∑
j,l<k,l, j,k, j
cα jcklx jxk xl
=
∑
j<l<k
cα jcklx jxk xl +
∑
l< j<k
cα jcklx jxk xl +
∑
l<k< j
cα jcklx jxk xl
=
∑
j<l<k
cα jcklx jxk xl +
∑
j<l<k
cαlck jxlxk x j +
∑
j<l<k
cαkcl jxk xlx j
=
∑
j<l<k
(q jkq jlcα jckl − qlkcαlck j + cαkcl j)xkxlx j
= 0.
Similarly, we use (E0.0.6) in the last step of the following computation∑
j
cα j M jx j =
∑
j
cα j(
∑
l<k,l, j,k, j
cklxlxk)x j
=
∑
j,l<k,l, j,k, j
cα jcklxk xlx j
=
∑
j<l<k
cα jcklxk xlx j +
∑
l< j<k
cα jcklxk xlx j +
∑
l<k< j
cα jcklxk xlx j
=
∑
j<l<k
cα jcklxk xlx j +
∑
j<l<k
cαlck jxk x jxl +
∑
j<l<k
cαkcl jxlx jxk
=
∑
j<l<k
(cα jckl − q jlcαlck j + qlkq jkcαkcl j)xkxlx j = 0.
(2) Since i > s, x2i = 0 and xiWi = Wixi = 0. By Lemma 1.1(2), xiMi = q−21i Mi xi. Hence
xiφ = xi(x21 + Wi + Mi)
= xi x
2
1 + xiMi
= q−21i x
2
1xi + q
−2
1i Mi xi
= q−21i (x21 + Wi + Mi)xi
= q−21i φxi.
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(3) Let α ≤ s. By using the fact that x2α = x21 and that
∑
i< j c jixix j = Wl + Ml for all l,
and by Lemma 1.1 and part (1), we have
(xα + yα)φ = (xα + yα)(x2α +
∑
i< j
c jixix j)
= x3α + yαx
2
α + xα(Wα + Mα) +
∑
j
cα jx j(W j + M j)
= x3α + Wαxα + xαWα + xαMα +
∑
j
cα j x jW j part (1)
= x3α − xαWα + xαWα + xαMα +
∑
j
cα j x jW j Lemma 1.1(1)
= x3α + xαMα +
∑
j≤s
cα jx jW j Lemma 1.1(3).
Similarly,
φ(xα − yα) = (x2α +
∑
i< j
c jixi x j)(xα − yα)
= x3α − x
2
αyα + (Wα + Mα)xα −
∑
j
cα j(W j + M j)x j
= x3α − Wαxα + Wαxα + Mαxα −
∑
j
cα jW j x j −
∑
j
cα jM j x j
= x3α + Mαxα −
∑
j≤s
cα jW jx j
= x3α + xαMα +
∑
j≤s
cα jx jW j.
So we have
(xα + yα)φ = φ(xα − yα).
(4) By Remark 0.1, det(Is×s − Cs) , 0 if and only if det(Is×s + Cs) , 0. By hypothesis,
det(Is×s − Cs) , 0, whence {xi − yi}si=1
⋃
{x j}nj=s+1 is a basis of V :=
⊕n
i=1 kxi. Similarly,
det(Is×s +Cs) , 0 implies that {xi + yi}si=1
⋃
{x j}nj=s+1 is a basis of V . In this case, Vφ = φV
by parts (2,3). Therefore Aφ = φA. 
It is clear that
∑
i< j c jixi x j = Wα + Mα for every α.
Lemma 1.3. The following hold in A!(Q,C).
(1) Wαxα = xαWα = 0 for all α.
(2) ∑nα=1 Wα = 2∑i< j c jixi x j = ∑sα=1 Wα +W.
(3) W2α = 0 for all α > s andWm = 0 for all m > n − s.
(4) x41 = − 12 Wx21 = − 12 x21W and x4m1 = 0 for all m > n − s.
(5) If f ∈ A!(Q,C) is a homogeneous element of degree > 4(n − s)n, then f = 0. As a
consequence, A!(Q,C) is finite dimensional.
(6) The algebra A!(Q,C) is Koszul and Frobenius of Hilbert series (1 + t)n.
Proof. (1) If α > s, then the assertion follows from Lemma 1.1(3). Now assume that α ≤ s.
It follows from Lemma 1.1(1) that xαWα = −Wαxα. By using Lemma 1.1(2) and the fact
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that p21α = 1 for all α ≤ s, we have the following computation in A
!(Q,C):
0 = x21xα − xαx
2
1
= (−
∑
i< j
c jixix j)xα + xα(
∑
i< j
c jixi x j)
= −(Wα + Mα)xα + xα(Wα + Mα)
= −Wαxα − Mαxα + xαWα + xαMα
= −Wαxα − Mαxα − Wαxα + Mαxα
= −2Wαxα.
The assertion follows since char k , 2.
(2) Clear.
(3) Note that W j = x j f for some f ∈ A!(Q,C). The assertions follow from the fact
x2j = 0 for all j > s.
(4) We compute
−2x41 = −2x
2
1x
2
1 = 2(
∑
i< j
c jixix j)x21 = (
s∑
α=1
Wα +W)x21
=
s∑
α=1
Wαx21 +Wx
2
1 =
s∑
α=1
Wαx2α +Wx21 = 0 +Wx21 =Wx21.
Similarly, −2x41 = x
2
1W. So the first assertion follows. The second assertion follows from
the first one and part (3).
(5) It follows from part (4) and the relations of A!(Q,C) that x4mi = 0 for all m > n − s.
So any monomial of degree > 4(n − s)n is zero. The assertion follows.
(6) By Lemma 1.2(4), φ is normal in T2. By definition, T2/φT2 = T2/(φ) = A!(Q,C),
which is finite dimensional by part (5). Let K = {x ∈ T2 | φx = 0}. Then K is a right graded
T2-module. Since T2 is noetherian, PI, Artin-Schelter Gorenstein of GK-dimension one, it
is Cohen-Macaulay with respect to GK-dimension [SZ, Theorem 1.1]. In particular, any
nonzero submodule of T2 has GK-dimension one by the definition of GK-Cohen-Macaulay.
Consider the following exact sequence
0 → K(2) → T2(2)
lφ
−→ T2 → T2/(φT2)(= A!(Q,C)) → 0,
where K(2) and T2(2) are the degree shift by 2 of graded modules K and T2 respectively,
and note that A!(Q,C) is finite dimensional. Since HT2 (t) = (1+t)
n
(1−t) , dim(T2)d = 2n for d > n.
Thus the above exact sequence implies that Kd+2 = 0 for all d ≫ 0. By the GK-Cohen-
Macaulay property of T2, K = 0, and hence φ is left regular. Similarly, φ is right regular.
By [CV1, Corollary 2.2], T2/(φ) is Koszul and Frobenius with Hilbert series (1 + t)n. 
Note that part (6) is a special case of [CV1, Corollary 2.6]. We will need the following
lemma in the proof of Theorem 0.2.
Lemma 1.4. [RRZ1, Lemma 1.5] Let A be a noetherian connected graded Artin-Schelter
Gorenstein algebra and let z be a homogeneous regular normal elements of positive degree
such that µA(z) = cz for some c ∈ k× := k \ {0}. Let τ be in Aut(A) such that za = τ(a)z for
all a ∈ A. Then µA/(z) is equal to µA ◦ τ when restricted to A/(z).
Now, we can prove Theorem 0.2.
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Proof of Theorem 0.2. (1) By Lemma 1.3(6), the algebra A!(Q,C) is Koszul and Frobenius
with Hilbert series (1+ t)n. By Koszul duality and [Sm, Theorem 4.3 and Proposition 5.10],
A(Q,C) is Koszul, Artin-Schelter regular of global dimension n with Hilbert series 1(1−t)n .
Thus part (1) follows.
(2) By Lemmas 1.2 and 1.3,
{x2i − x
2
1}
s
i=2 ∪ {x
2
p}
n
p=s+1 ∪ {φ}
is a sequence of regular normalizing elements of degree 2 in T1. By [ST, Corollary 1.4],
A(Q,C) contains a sequence of regular normalizing elements of degree 2, say { f1, · · · , fn},
such that A(Q,C)/( f1, · · · , fn) is finite dimensional. Using [ASZ, Proposition 4.9(1)] re-
peatedly, A(Q,C) is strongly noetherian. It is also easy to see that A(Q,C) has enough
normal elements in the sense of [Zh]. Other assertions of part (2) follow from part (1) and
[Zh, Theorem 0.2].
(3) Let us work on the algebra T1. By [LWW, Proposition 4.1] or [RRZ1, Example 5.5],
the Nakayama automorphism of T1 is determined by
µT1 : x j 7→ (
n∏
w=1
pw j)x j = (−1)n(
n∏
w=1
q jw)x j
for all j. Note that each x2i − x21, for i = 2, · · · , s, is normal and
µT1 (x2i − x21) = (
n∏
w=1
q1w)2(x2i − x21)
by (E0.0.3). The conjugation by x2i − x21 is the automorphism determined by
τx2i −x
2
1
: x j 7→ (x2i − x21)x j(x2i − x21)−1 = q2i jx j
for all j. Similarly, each x2p, for p > s, is normal and the conjugation by x2p is the automor-
phism determined by
τx2p : x j 7→ (x2p)x j(x2p)−1 = q2p jx j
for all j. (Some details of checking the hypotheses of Lemma 1.4 is straightforward and
omitted.) Applying [RRZ1, Lemma 1.5] multiple times, we have that the Nakayama auto-
morphism of T2 is
µT2 = µT1 ◦
s∏
i=2
τx2i −x
2
1
◦
∏
p>s
τx2p ,
or, after simplification,
µT2 : x j 7→ (−1)nq2j1(
n∏
w=1
qw j)x j
for all j. By Lemma 1.2, φ is normal in T2 and µT2 (φ) = (
∏n
w=1 qw1)2φ by (E0.0.4). The
conjugation by φ is determined by
τφ : x j 7→ φx jφ−1.
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By Lemma 1.2(2,3), τφ sends x j to q21 jx j when j > s and x j − y j to x j + y j when j ≤ s.
Therefore, by linear algebra,
[Is×s −Cs]

τφ(x1)
τφ(x2)
...
τφ(xs)

= [Is×s +Cs]

x1
x2
...
xs

+

n∑
i=s+1
c1i(1 + q21i)xi
n∑
i=s+1
c2i(1 + q21i)xi
...
n∑
i=s+1
csi(1 + q21i)xi

.
Let (ai j)s×s = [Is×s − Cs]−1 and (bi j)s×s = [Is×s − Cs]−1[Is×s + Cs]. Then for any j ≤ s, we
have
τφ(x j) =
s∑
l=1
b jlxl +
s∑
l=1
a jl(
n∑
i=s+1
cli(1 + q21i)xi).
Hence the Nakayama automorphism of E := A!(Q,C) is given by
µE : x j 7→

(−1)n(
n∏
w=1
qw j)x j, if j > s
(−1)n
s∑
l=1
[b jlq2l1(
n∏
w=1
qwl)xl + a jl(
n∑
i=s+1
cli(1 + q2i1)(
n∏
w=1
qwi)xi)], if j ≤ s.
By [RRZ2, Theorem 4.3(2)], we have µE |E1= (−1)n(µA |A1 )∗. Thus the Nakayama auto-
morphism of A(Q,C) is given by
µA : t j 7→

s∑
i=1
s∑
l=1
ailcl j(1 + q2j1)(
n∏
w=1
qw j)ti + (
n∏
w=1
qw j)t j, if j > s
s∑
i=1
bi jq2j1(
n∏
w=1
qw j)ti, if j ≤ s.

Graded skew Clifford algebras were introduced and studied by Cassidy-Vancliff in
[CV1, CV2]. Let µ := (µi j) ∈ Mn(k) such that µii = 1 and µi jµ ji = 1 for all 1 ≤ i, j ≤ n.
A matrix M := (Mi j) ∈ Mn(k) is called µ-symmetric if Mi j = µi jM ji for all i, j, see [CV1,
Definition 1.2]. Suppose that M1, · · · , Mn are all µ-symmetric n × n-matrices. Following
[CV1, Definition 1.12], a graded skew Clifford algebra associated to µ and M1, · · · , Mn is
a graded k-algebra A on degree-one generators x1, x2, · · · , xn and on degree-two generators
y1, y2, · · · , yn with defining relations given by the following:
• xix j + µi jx jxi =
∑n
l=1(Ml)i jyl for all i, j = 1, 2, · · · , n; and
• the existence of a normalizing sequence {r1, · · · , rn} of A that spans ky1 + · · ·+ kyn.
Cassidy-Vancliff [CV1, CV2] associated the geometric data to a graded skew Clifford
algebra by using noncommutative algebraic geometry developed in [ATV1, ATV2]. They
generalized the notion of a quadric and a quadric system in commutative algebra to the
noncommutative case, and proved that a graded skew Clifford algebra is Artin-Schelter
regular if and only if its associated quadratic system is normalizing and base point free.
Proposition 1.5. Let Ω := ∑si=1 t2i . Then Ω is a regular normal element of A := A(Q,C)
and A is a graded skew Clifford algebra.
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Proof. Let B = kqi j[t1, · · · , tn] and also consider Ω as an element in B. By (E0.0.3), t jΩ =
q21 jΩt j for all j. Hence, Ω is a regular normal element in B, and the Hilbert series of B/(Ω)
is (1−t
2)
(1−t)n . By comparing the relations, one sees that
A/(Ω)  B/(Ω).
Hence we have a surjective map
A/ΩA
f
−→ A/(Ω)  B/(Ω).
By Theorem 0.2(2), A is a domain. Then Ω ∈ A is regular and the Hilbert series of A/ΩA
is (1−t
2)
(1−t)n , which equals the Hilbert series of B/(Ω). This implies that ΩA = (Ω) ⊆ A. By
symmetry, AΩ = (Ω). Therefore Ω is a normal element in A.
Now let Ω1 = Ω and Ωi = t2i for i = 2, · · · , n. After we showed that Ω1 is a normal
element in A, one sees that {Ω1,Ω2, · · · ,Ωn} is a normalizing sequence of A, which plays
the role of {r1, · · · , rn} in [CV1, Definition 1.12]. Then tis play the role of xis and t2i s play
the role of yi in [CV1, Definition 1.12]. Let µ be Q. Then one can easily recover the set of
matrices M1, · · · , Mn by the relations of A. Therefore A is a graded skew Clifford algebra
by [CV1, Definition 1.12]. 
Proposition 1.6. Let s < n. Let Qs := (qi j)s×s and Cs := (ci j)s×s and let A(Qs,Cs) be the
subalgebra of A(Q,C) generated by {t1, · · · , ts}. Then A(Qs,Cs) is Artin-Schelter regular
and A(Q,C) is an iterated Ore extension of A(Qs,Cs).
Proof. Note that (E0.0.1)-(E0.0.8) hold for the submatrices (Qs,Cs). The first assertion
follows from Theorem 0.2. For each j > s, using the relations
t jti = qi jtit j + ci j(
s∑
i=1
t2s ), ∀ i < j,
one can easily check that A(Q,C) is an iterated Ore extension of A(Qs,Cs) by adding
ts+1, ts+2, · · · , tn consecutively. 
It is possible that A(Q,C) in Theorem 0.2 is always an iterated Ore extension from k,
which can be verified for all examples in the next section.
2. Examples
In this section we use the main result to construct some Artin-Schelter regular algebras
of low global dimension and to calculate their Nakayama automorphisms.
Example 2.1. Let n = 3, s = 1 and Q =

1 1 1
1 1 q
1 q−1 1
 and C =

0 0 0
0 0 1
0 −q−1 0
 .
All conditions (E0.0.1)-(E0.0.8) are satisfied. The algebra is isomorphic to
k〈t1, t2, t3〉(t3t2 − qt2t3 − t21, t1 central).
This is an Artin-Schelter regular of dimension 3, which is the algebra A(2) in [LMZ]. The
Nakayama automorphism of A(Q,C) is given by
µA : t1 7→ t1, t2 7→ q−1t2, t3 7→ qt3.
When q is not a root of unity, the group actions, Hopf algebra actions and cancellation
property of this algebra was studied in [LMZ].
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When n = 4, there are many solutions to system (E0.0.1)-(E0.0.8) (for example, so-
lutions can be listed by Maple). We pick two of them and use Theorem 0.2 to calculate
their Nakayama automorphism. It is possible that these algebras are isomorphic, in a non-
obvious way, to some algebras constructed and studied in [CV1, CV2, NV, VV].
Example 2.2. Let n = 4, s = 2, Q =

1 −1 1b −1
−1 1 1b 1
b b 1 b
−1 1 1b 1
 and C =

0 0 0 0
0 0 0 a
0 0 0 0
0 −a 0 0
 .
Then
A(Q,C) = k〈t1, t2, t3, t4〉
t2t1 + t1t2
bt3t1 − t1t3
t4t1 + t1t4
bt3t2 − t2t3
t4t2 − t2t4 − a(t21 + t22)
t4t3 − bt3t4

.
We have
(I2×2 −C2) =
(
1 0
0 1
)
= I2×2, (I2×2 −C2)−1 = I2×2
and
(I2×2 − C2)−1 · (I2×2 +C2) = I2×2.
By Theorem 0.2(3), the Nakayama automorphism is given by
µA : t1 7→ bt1, t2 7→ −bt2, t3 7→
1
b3
t3, t4 7→ −2abt2 − bt4.
Example 2.3. Let n = 4, s = 3 and Q =

1 −1 1 1b
−1 1 −1 1b
1 −1 1 1b
b b b 1
 and C =

0 0 a 0
0 0 0 0
−a 0 0 0
0 0 0 0

with 1 + a2 , 0, a ∈ k and b ∈ k×. Then
A(Q,C) = k〈t1, t2, t3, t4〉
t2t1 + t1t2
t3t1 − t1t3 − a(t21 + t22 + t23)
bt4t1 − t1t4
t2t3 + t3t2
bt4t2 − t2t4
bt4t3 − t3t4

.
We have
(I3×3 −C3) =

1 0 −a
0 1 0
a 0 1
 , (I3×3 −C3)−1 =

1
1+a2 0
a
1+a2
0 1 0
−a
1+a2 0
1
1+a2

and
(I3×3 − C3)−1 · (I3×3 +C3) =

1−a2
1+a2 0
2a
1+a2
0 1 0
−2a
1+a2 0
1−a2
1+a2
 .
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By Theorem 0.2, its Nakayama automorphism is given by
µA : t j 7→

a2b−b
1+a2 t1 +
2ab
1+a2 t3, if j = 1
bt2, if j = 2
−2ab
1+a2 t1 +
a2b−b
1+a2 t3, if j = 3
1
b3 t4, if j = 4.
Example 2.4. Let s = n, qi j = 1 for all i, j, and C be a skew symmetric matrix. Then
(E0.0.1)-(E0.0.5) are trivially satisfied. Equation (E0.0.8) is saying that
(E2.4.1) det(In×n −C) , 0.
It is not hard to check that (E0.0.6) is equivalent to (E0.0.7), and equivalent to
(E2.4.2) ci jckl + c jkcil − cikc jl = 0, ∀ 1 ≤ i < j < k < l ≤ n.
Let A(Q,C) be the algebra defined by
(E2.4.3) A(Q,C) = k〈t1, · · · , tn〉/(t jti − tit j − ci j(
n∑
l=1
t2l ),∀i < j).
When C satisfies (E2.4.1) and (E2.4.2), by Theorem 0.2, A(Q,C) is a Koszul, strongly noe-
therian, Auslander regular algebra of global dimension n and its Nakayama automorphism
is determined by
µA : t j 7→
n∑
i=1
bi jti, j = 1, 2, · · · , n,
where (bi j)n×n = (In×n − C)−1(In×n +C).
It is clear that (bi j)n×n is the identity matrix if and only if C is zero. Therefore A(Q,C)
is Calabi-Yau if and only if C = 0 if and only if A(Q,C) = k[t1, · · · , tn].
Note that the algebra A(Q,C) is a deformation quantization of the Poisson algebra given
in [LWZ, Section 3.2]. By [LWZ, Lemma 3.2], (E2.4.2) is equivalent to rank C ≤ 2. When
k is algebraically closed, it follows from [DRZ, Theorems 2.1 and 2.5] that every skew
symmetric matrix C with rank at most 2 (when n = 4) is orthogonally similar to either
0 a 0 0
−a 0 0 0
0 0 0 0
0 0 0 0
 , or

0 i 0 0
−i 0 1 0
0 −1 0 0
0 0 0 0
 , or

0 −1 i 0
1 0 0 −i
−i 0 0 −1
0 i 1 0

where a ∈ k and i2 = −1. This implies that there are only three isomorphism classes of
A(Q,C) corresponding to the above three matrices respectively (the assertion is also valid
when n > 4). In all cases, one can show that A(Q,C) is an iterated Ore extension from k
(details are omitted).
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